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Accurate prediction of future blood glucose trends has the potential to signifi-
cantly improve glycemic regulation in type 1 diabetes patients. A model-based con-
troller for an artificial b-cell, for example, would determine the most efficacious
insulin dose for the current sampling interval given available input–output data
and model predictions of the resultant glucose trajectory. The two inputs most in-
fluential to the glucose concentration are bolused insulin and meal carbohydrates,
which in practice are often taken simultaneously and in a specified ratio. This lin-
ear dependence has adverse effects on the quality of linear dynamic models identi-
fied from such data. On the other hand, inputs with greater degrees of excitation
may force the subject into extreme hypoglycemia or hyperglycemia, and thus may
be clinically unacceptable. Inputs with good excitation that do not endanger the
subject are shown to result in models that can predict glucose trends reasonably
accurately, 1–2 h ahead. � 2009 American Institute of Chemical Engineers AIChE J, 55:

1135–1146, 2009
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Introduction

Diabetes mellitus is a metabolic disease characterized by
an inability to adequately regulate blood glucose levels (gly-
cemia) in the body. In particular, people with type 1 diabetes
produce virtually no endogenous insulin, the hormone that
promotes uptake of glucose from the bloodstream into the
cells where it is metabolized. Insulin is of central importance
to glycemic control; too much insulin leads to low glucose
levels, or hypoglycemia, whereas too little insulin results in
high glucose levels, or hyperglycemia. Both hypoglycemia

and hyperglycemia are associated with health risks. Acute

hypoglycemia can present immediate health threats like in-

sulin shock and coma.1 In the absence of insulin, on the

other hand, the body cannot use glucose for energy and

consequently is forced to metabolize fatty acids into

ketones. This process, known as diabetic ketoacidosis,

causes acute hyperglycemia, which in turn can cause thirst,

vomiting, and shortness of breath, to name just a few symp-

toms. Finally, sustained hyperglycemia greatly increases a

diabetes patient’s susceptibility to long-term complications

such as microvascular diseases2 (e.g., nephropathy, neuropa-

thy, and retinopathy) and cardiovascular disease.3 Thus, to

better control their glycemia, people with type 1 diabetes

rely on exogenous insulin, delivered either through multiple

daily injections or a continuous subcutaneous insulin infu-

sion (CSII) pump.
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As of 2005, one to two million people (0.35–0.70% of the
population) in the United States were estimated to have type
1 diabetes.4 Needless to say, the disease is responsible for
much pain and suffering as well as the costs associated with
the consequent mitigation and treatment. Diabetes patients
can significantly reduce their risk of diabetes-related compli-
cations (and associated costs) through better control of blood
glucose levels. Improving one’s glycosylated hemoglobin
(HbA1c) level, an indication of a patient’s overall glycemic
control, by 10–15% reduces the risk of microvascular com-
plications by 40%.4

With the development of rapid-acting insulin preparations,
CSII pumps, and improved accuracy and frequency of blood
glucose measurements, type 1 diabetes patients are able to
obtain significantly improved glycemic control when com-
pared with conventional standards involving infrequent fin-
ger-stick measurements and infrequent manual delivery (i.e.,
via a syringe) of slower-acting insulin preparations.5–24

Despite the improved technology and the improved treatment
that it has made possible, painful finger-stick measurements,
constant treatment decisions, and greatly increased risks
of both short-term and long-term complications (when
compared with an individual without diabetes)4 are still
very much a reality for even the most diligent diabetes
patients.

Short of a cure, the most effective treatment of type 1 dia-
betes would be achieved using an ‘‘artificial b-cell,’’ a medi-
cal device with three components: a continuous glucose sen-
sor, a controller, and an insulin infusion pump. The control-
ler of this device would automatically regulate a subject’s
glucose level by deciding the best insulin infusion rate for
the current time based on the continuous glucose measure-
ments, previously delivered insulin dosage information, and
possibly meal information. A model-based controller would
also take into account predictions of future glucose trends
obtained from a reasonably accurate mathematical model of
the subject’s glucose-insulin dynamics. Thus, the develop-
ment of accurate and (ideally) simple models is an important
step in the development of an artificial b-cell.

The quality of the data from which a model is identified
directly influences the predictive capability of that model.25

In practical diabetes therapy, it is not uncommon to deliver
the two most important inputs to the system–insulin boluses
and meals–simultaneously and in the same ratio, known as
the insulin-to-carbohydrate ratio (ICR). This delivery pattern
makes the two inputs linearly dependent, greatly confounding
a linear dynamic model’s ability to distinguish the two very
different effects of each input on the resultant glucose lev-
els.26 In many other applications of system identification, this
problem is avoided by using highly excited inputs to the sys-
tem, such as pseudo-random binary sequences (PRBS), and
by making sure that each input is independent.27 Unfortu-
nately, these types of input excitation are infeasible when the
‘‘plant’’ to be identified is a person; highly excited input sig-
nals like PRBS are difficult to implement through an insulin
pump and infeasible for meals. More importantly, the sub-
jects’ safety is of utmost importance and thus input signals
that are too drastic are unacceptable if they force the subject
into severe hypoglycemia or hyperglycemia. Therefore, the
appropriate compromise is to increase the excitation quality
of the input data while keeping the subject at acceptable glu-

cose levels. This identification strategy is investigated
in silico in the current article.

Empirical Models

Empirical, or data-driven, models of type 1 diabetes have
been far less prevalent in the literature than physiological,
first-principles-based models. Empirical models are less
attractive than physiological models in the sense that the for-
mer often contain less physical meaning than the latter. The
structures of empirical models are not derived from the
underlying physiology, and their parameters (usually) do not
correspond directly to physiological parameters (e.g., ‘‘insulin
sensitivity’’ or ‘‘glucose distribution volume’’). However, em-
pirical models are more attractive than physiological models
in the sense that they are often much simpler and their pa-
rameters readily estimated. Types of empirical models
include dynamic, input–output models and neural networks.

The family of linear dynamic, input–output models
includes autoregressive (AR), impulse-response (IR), autore-
gressive exogenous input (ARX), and autoregressive moving
average exogenous input (ARMAX) models. The AR mod-
els28,29 provide short-term predictions of future outputs (glu-
cose concentrations) based on linear combinations of previ-
ous outputs. Because the exogenous inputs (meals and exoge-
nous insulin) are omitted, only time-series glucose data are
needed to estimate the parameters of AR models. These
models can be easily identified recursively, wherein the
model parameters are updated with each new sample to bet-
ter capture the changing process dynamics. In standard least-
squares recursive identification, a ‘‘forgetting factor’’ can be
used to weight the most recent glucose measurements more
heavily than previous measurements. Sparacino et al.29 have
investigated the effect of the forgetting factor on the ability
of recursively identified AR models to accurately predict
hypo- and hyperglycemic events 30 and 45 min into the
future. In a sense, IR models are the opposite of AR models;
IR models predict future glucose trends based only on linear
combinations of the previous inputs. Parker et al.30,31 have
used these models in a simulated model predictive control
(MPC) application.

In general, ARX models are widely used due to the incor-
poration of both the effects of exogenous inputs and the sys-
tem dynamics. The recursive identification of ARX models is
straightforward and has been performed with both diabetic
human32,33 and canine glucose and insulin data, but with
infrequent measurements. ARMAX models, which are similar
to ARX models but describe the prediction errors as moving
averages of noise, have also been investigated for diabetic
swine.34

Among empirical modeling techniques, neural networks
(NNs) for type 1 diabetes have received the greatest degree
of research attention. In simulation studies, Trajanoski
et al.35–37 have used NNs to identify nonlinear ARX
(NARX) models. A few other studies38–46 present novel con-
tributions to the identification of NNs from diabetes data,
such as using measurements of counterregulatory hormones
to predict the future glucose trends39 or incorporating fuzzy
logic into the NNs.45

Other types of empirical models applied to diabetes data
include qualitative, or fuzzy, logic systems,47 Volterra series
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models,48 and response surface methodology and data
mining.49

Physiological Model

The prominent physiological models of type 1 diabetes in
the current literature range widely in linearity and complex-
ity, from the aptly named three-state minimal model50,51 to
more comprehensive models with 20 or more state varia-
bles.52,53 The model selected for the current research is the
model of Hovorka et al.,54–56 which presents a tradeoff
between simplicity and physiological phenomena. The full
nonlinear model contains 11 state variables and describes
subcutaneous-to-intravenous insulin absorption as well as
glucose absorption from a carbohydrate (CHO) meal.

Sources of nonlinearity in the model include ‘‘insulin
actions’’ which describe the effects of insulin on glucose dis-
tribution/transport, disposal, and endogenous production.
Other sources of nonlinearity include physiologically-based
saturation effects, which switch ‘‘on’’ or ‘‘off’’ at certain glu-
cose concentrations. See the Appendix for the model equa-
tions and a brief description.

Linear Dynamic Models

Model structures

For this diabetes application, the empirical models are lin-
ear dynamic input–output polynomial models that have two
inputs, the insulin bolus amount ubol and meal CHO amount
umeal, and one output, the glucose concentration G. The gen-
eral model form is given by Eq. 1.25

A q�1
� �

GðtÞ ¼ B1 q�1ð Þ
F1 q�1ð Þ ubol tð Þ þ

B2 q�1ð Þ
F2 q�1ð Þ umeal tð Þ þ C q�1ð Þ

D q�1ð Þ e tð Þ
(1)

The numerators and denominators of the discrete-time
transfer functions, A21, B1/F1, B2/F2, and C/D, are polyno-
mials in q21, where q21 is the backward shift operator, that
is, q�1xðtÞ � xðt� 1Þ, and t is the current sample time. The
disturbance term e(t) is assumed to be zero-mean white
Gaussian noise. The identification of these linear dynamic
models involves specifying the model orders and estimating
the coefficients of q21 in these transfer functions.

Special cases of this general model can be obtained by
simplifying one or more of the transfer functions. For exam-
ple, an autoregressive exogenous input (ARX) model32,33 is
obtained for C ¼ D ¼ F1 ¼ F2 ¼ 1:

A q�1
� �

GðtÞ ¼ B1 q�1
� �

ubol tð Þ þ B2 q�1
� �

umeal tð Þ þ e tð Þ (2)

The ARX model is possibly the most widely used linear
dynamic model because its parameters can be estimated via
straightforward linear regression. However, because the
denominators D ¼ F1 ¼ F2 ¼ 1, both inputs and the disturb-
ance term have the same denominator dynamics A.

Similarly, an autoregressive moving average exogenous
input (ARMAX) model is obtained for D ¼ F1 ¼ F2 ¼ 1:

A q�1
� �

GðtÞ ¼ B1 q�1
� �

ubol tð Þ þ B2 q�1
� �

umeal tð Þ þ C q�1
� �

e tð Þ
(3)

The ARMAX model allows the disturbance term to have
numerator dynamics C which results in a moving average of
recent values of e(t). The model parameters must be esti-
mated from a prediction error method, and thus are suscepti-
ble to convergence to local minima in the parameter space.25

Finally, a Box-Jenkins (BJ) model is obtained by setting
A ¼ 1:

GðtÞ ¼ B1 q�1ð Þ
F1 q�1ð Þ ubol tð Þ þ

B2 q�1ð Þ
F2 q�1ð Þ umeal tð Þ þ C q�1ð Þ

D q�1ð Þ e tð Þ (4)

The BJ model allows both inputs and the disturbance term
to have independent numerator and denominator dynamics.
The parameters of this model also must be estimated using a
prediction error method.

The order of each transfer function determines how many
previous samples the current prediction depends on. For
example, a first-order ARX model implies that G(t) is a func-
tion of the input and output variables at time t 2 1:

G tð Þ ¼ �a1q
�1G tð Þ þ b1q

�1ubol tð Þ þ b2q
�1umeal tð Þ þ e tð Þ

¼ �a1G t� 1ð Þ þ b1ubol t� 1ð Þ þ b2umeal t� 1ð Þ þ e tð Þ
(5)

In this article, the inputs ubol(t) and umeal(t) are modeled as
impulses.

Prediction horizons

To investigate the relationship between model predictions
and the prediction horizon, a range of prediction horizons
was investigated in this research, including the following two
limits.

� One-step-ahead (5-min-ahead) predictions use only the
available input and output data to generate a prediction at
the next sample time. The disturbance term e(t), then, repre-
sents the prediction errors.

� Infinite-step-ahead predictions use only the available
input data and previous model predictions to generate future
output predictions. Thus, since the model is given no infor-
mation about the actual process output data, infinite-step-
ahead predictions are noise-free simulations and e(t) is
ignored.

Because of their potential relevance to model-based con-
trol for this application, 12-step and 24-step-ahead (1-h and
2-h-ahead) prediction horizons are also investigated.

Methods

Simulation conditions

First, a nominal dataset was generated in which three si-
multaneous boluses and meals in the same ratio, ICRN, were
administered to the virtual subject to simulate a 20-g (CHO)
breakfast, 40-g lunch, and 60-g dinner over a period of 24 h.
All datasets simulated 24 h of 5-min data with breakfast,
lunch, and dinner administered at 8:00 AM, 12:00 PM, and
6:00 PM, respectively. Four additional datasets were gener-
ated in which different levels of input excitation were
achieved by varying the ICR for the meals. These first five
datasets are labeled as 1a–5a. Five more datasets were then
simulated which were identical to 1a–5a except that the
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lunch bolus was halved. Thus, the subject underbolused for
lunch and became mildly hyperglycemic. A correction bolus
was then taken 90 min after lunch in order to return the sub-
ject to normoglycemia before dinner. These latter datasets
are labeled as 1b–5b. In all datasets, the virtual subject’s glu-
cose levels were kept between 65 and 200 mg/dL, a clini-
cally acceptable glucose range. Gaussian white noise (r ¼
3.3 mg/dL) was added to the simulated glucose values for all
datasets. This noise level is consistent with previous stud-
ies26,48 and is based on observations and analyses of subject
data. Table 1 describes all 10 datasets in terms of the ICR
used for each meal relative to the nominal case (i.e., dataset
1a) and, if applicable, the correction bolus relative to the
nominal lunch bolus.

The level of input excitation of the 10 calibration datasets
described in Table 1 is characterized by the condition num-
ber of the input matrix, [ubol(t) umeal(t)], and is denoted by j.
The condition number of this matrix is a measure of the
degree of linear dependence between the two inputs. It is the
ratio of the largest singular value of the matrix to the small-
est57; thus, a small condition number implies a small degree
of linear dependence (high level of excitation). The limiting
cases are j ¼ 1, implying that the inputs are orthogonal, and
j ¼ 1, implying that the inputs are linearly dependent. The
latter case applies to dataset 1a.

Model identification and validation

For each of the 10 datasets, third-order through fifth-order
ARX, ARMAX, and BJ models were identified using the
MATLAB System Identification Toolbox.25 To reduce the
effect of a particular noise sequence on an identified model,
models were identified from 10 different noise sequences.
Thus, for each of the 10 datasets, 30 ARX models, 30
ARMAX models, and 30 BJ models were identified. The
models were then validated on the other nine datasets. The
datasets were evaluated based on the quality of the identified
models, that is, the ability of the models to predict the other
nine validation datasets. The quality of the models was
assessed based on their ability to accurately predict valida-
tion data for the range of prediction horizons mentioned in
the Prediction Horizons subsection.

Quantification of model prediction accuracy

An inherent difficulty in quantifying a model prediction is
selecting suitable metrics that most closely characterize the
‘‘goodness’’ of the prediction. In this research, three metrics
are used to quantify the accuracy of the model predictions:
the FIT (closely related to the coefficient of determination

R2), the median relative absolute difference (RAD), and the
Clarke Error Grid (CEG). The latter two metrics have often
served different purposes than in the current article. Median
and mean RAD values have quantified the agreement
between a continuous glucose sensor and a glucose meter or
laboratory reference.58,59 The CEG, on the other hand, was
initially developed to quantify the agreement between subject
estimates of their glucose concentration and the meter val-
ues.60 Later it was used to ascertain the accuracy of meter
readings when compared with a reference value.61 Recently,
the CEG and a subsequent augmentation, the continuous glu-
cose-error grid analysis (CG-EGA), were used to assess the
performance of continuous glucose sensors when compared
with reference values5,8,59,62–66 (See Clarke et al.60 for a his-
tory of the CEG.). Regardless of the specific application, the
CEG compares an ‘‘estimated’’ glucose reading to a ‘‘refer-
ence’’ reading, and exploits properties specific to diabetes.
Hovorka et al.55 analogously applied the CEG to determine
the accuracy of model predictions (the ‘‘estimate’’) when
compared with frequent glucose readings (the ‘‘reference’’).
This use of the CEG is appropriate and adopted in this
article.

The FIT of a model prediction is a statistical metric that
quantifies how much of the variation in the data is explained
by the model prediction25:

FIT ¼ 1� G� Ĝ
�� ��
G� G
�� ��

 !
3 100% (6)

where G is the vector of measured (or in this case simulated
via the physiological model) outputs, Ĝ is the vector of
model predictions, G is the mean of the measured output,
and the norms are Euclidean. Thus, FIT ¼ 100% is obtained
for a perfect prediction, FIT ¼ 0 can be obtained by predict-
ing the mean of the measured output at every sample, and
FIT < 0 is obtained for very poor model predictions. The
FIT is very closely related to the coefficient of determination,
R2:

R2 ¼ 1� G� Ĝ
�� ��2
G� G
�� ��2

 !
3 100% (7)

Thus, when the model predictions are accurate, the second
term of Eq. 6 is small (i.e., much less than one), and the sec-
ond term of Eq. 7 is very small. This makes FIT a more sen-
sitive metric when the model predictions are good, and is the
reason FIT is used to quantify model predictions in this
article.

Table 1. Datasets for Identification

Characteristic

Dataset

1a 2a 3a 4a 5a 1b 2b 3b 4b 5b

ICRr* B 1 1 1 0.5 1 1 1 1 0.5 1
L 1 1 0.5 1 0.5 0.5 0.5 0.25 0.5 0.25
D 1 0.67 1 1 1.25 1 0.67 1 1 1.25

(ub)r
† – – – – – 0.5 0.5 0.25 0.5 0.25

j 1 14.4 10.4 19.1 7.5 6.8 7.5 6.3 6.5 5.3

*B, breakfast; L, lunch; and D, dinner. The ICR is listed relative to the respective nominal ICR, that is, ICRr ¼ ICR/ICRN.
†For datasets 1b–5b, the correction bolus is listed relative to the nominal lunch bolus, that is, (ub)r ¼ ub/uN.
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The relative absolute difference, RAD, of a prediction
scales the absolute error of a prediction by the measured
value at that sample time:

RAD tð Þ ¼ G tð Þ � Ĝ tð Þ�� ��
G tð Þ 3 100% (8)

Thus, a 30 mg/dL error when the subject is at 300 mg/dL
is weighted the same as a 10 mg/dL error when the subject
is at 100 mg/dL (i.e., for both, RAD ¼ 10%). Because, in
general, the median of a dataset is less sensitive to outliers
than the mean, we will consider the median RAD in this
article.

Finally, the CEG takes into account the absolute values of
the prediction and measured value at that sample, and the
effects that the corresponding error might have on an insulin
dosage decision. Each prediction-measured value pair falls
into one of five ‘‘zones,’’ labeled A–E (See Figure 1.). Data
that fall into Zone A are considered clinically accurate. Data
in Zone B are benignly erroneous (i.e., having little or no
effect on a treatment decision). Data in Zone C may prompt

an overcorrected treatment decision (i.e., administering too
much insulin or ingesting too much CHO). Conversely, data
in Zone D imply that a severe hypoglycemic or hyperglyce-
mic episode has gone undetected, effectively resulting in an
undercorrected treatment decision. Lastly, data in Zone E are
highly erroneous. The metric used to quantify model accu-
racy is the percentage of model predictions in Zone A.

Results

Tables 2–4 display the identification results based on FIT
values, median RAD values, and CEG Zone A values,
respectively. The values represent medians over all models
and validation datasets. For example, the suite of models
identified from dataset 1a has been validated on datasets 2a–
5a and 1b–5b. The average of these validation metrics is the
value corresponding to ‘‘Calibration Dataset 1a’’ in the
tables.

Comparisons among model types

Based on overall median values, the ARX and ARMAX
models predict the validation data more accurately than the
BJ models for a 1-step (5-min) prediction horizon. However,
given the substantially larger time constants associated with
the glycemic response to insulin delivery and CHO absorp-
tion from a meal, 1-step-ahead predictions-even the most
accurate ones–are of limited utility in a closed-loop, model-
based control scheme.

For the longer prediction horizons (1-h, 2-h, and infinite),
regardless of the prediction metric, the ARMAX models
show the best prediction capabilities, followed by the BJ
models, and then the ARX models. For a 1-h prediction hori-
zon, for example, the overall median FIT values for
ARMAX, BJ, and ARX models were 77%, 73%, and 51%,
respectively (the corresponding median RAD values were
4.7, 5.2, and 7.6%, whereas the corresponding frequencies of
predictions in Zone A of the CEG were 99%, 97%, and
89%). Using a 2-h prediction horizon, the overall median
FIT values for ARMAX, BJ, and ARX models were 65%,
59%, and 25%, respectively (the corresponding median RAD
values were 6.3, 7.4, and 12.9%, whereas the corresponding

Figure 1. The Clarke Error Grid (CEG).60

Upper (u) and lower (l) regions for each Zone A–E. The
zones are explained further in the text.

Table 2. Average Validation Results Based on FIT Values (%) for All Prediction Horizons,
Model Types, and Calibration Datasets*

Prediction Horizon Model

Calibration Dataset

Median1a 2a 3a 4a 5a 1b 2b 3b 4b 5b

5 min ARX 87 86 86 87 86 87 86 86 86 87 86
ARMAX 84 83 86 77 86 86 86 86 83 85 85
BJ 82 78 86 82 85 85 84 86 80 84 84

1 h ARX 51 51 50 50 50 52 55 52 53 51 51
ARMAX 67 74 78 70 79 77 79 79 78 76 77
BJ 44 63 75 59 77 75 70 78 71 75 73

2 h ARX 25 25 22 23 23 27 32 26 28 25 25
ARMAX 48 61 68 58 69 60 67 67 66 64 65
BJ 20 47 59 47 63 62 52 66 59 60 59

Infinite ARX 23 22 22 24 22 24 3 1 2 21 22
ARMAX 27 42 54 45 55 47 49 49 54 53 49
BJ 24 36 36 32 38 35 42 50 51 35 36

Median 46 56 64 54 66 61 61 67 63 62

*Shaded values represent the worst validation results for a given model type and prediction horizon; boldfaced values represent the best.
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frequencies of predictions in Zone A of the CEG were 94%,
92%, and 70%). Again, the results for the 1-h and 2-h pre-
diction horizons are emphasized because they are appropriate
for a model-based controller for an artificial b-cell.

Comparisons among calibration datasets

Tables 2–4 indicate that the dataset 1a often results in
models whose predictive capabilities are significantly worse
relative to models identified from the other nine datasets. For
example, using ARMAX models and a 2-h prediction hori-
zon, the models identified from dataset 1a had an average
FIT value of 48%, whereas the models identified from the
other datasets averaged 58–69% (the corresponding median
RAD values were 8.4% for dataset 1a and 5.7–7.1% for the
other nine datasets, whereas the corresponding frequencies of
predictions in Zone A of the CEG were 87% for dataset 1a
and 92–98% for the other nine datasets).

Conversely, some calibration datasets often resulted in the
best models. Depending on the metric used to quantify the
predictions, datasets 5a and 1b–4b produced consistently
accurate models. One of these datasets used three different
ICR values for the three meals (5a), three used two different

ICR values and a correction bolus (1b, 3b, and 4b), and one
used three different ICR values and a correction bolus (2b).
Thus, these datasets had small condition numbers, ranging
from j ¼ 6.3 to j ¼ 7.5, relative to datasets 1a–4a. In gen-
eral, these latter datasets with lower levels of excitation
(large condition numbers) produced less accurate models.
Even with the highest degree of excitation (smallest condi-
tion number), dataset 5b often did not produce the best mod-
els; it never, however, produced the worst.

To further illustrate the effect of the condition number j,
a property of the calibration dataset, on the overall perform-
ance of the identified models, Figures 2 and 3 display the
overall median 1-h and 2-h FIT values for validation data,
respectively. The overall median FIT values for each type of
model are plotted as a function of j. Also shown are the
least-squares trend lines and the associated Pearson correla-
tion coefficients rxy, a statistical metric which ranges from
21 (perfectly negatively correlated) to 0 (not correlated) to
þ1 (perfectly positively correlated). Figure 2 illustrates that
for 1-h predictions, the performance of the ARMAX and BJ
models is strongly correlated with condition number j (rxy ¼
20.86 and rxy ¼ 20.88, respectively). Figure 3 shows
that for 2-h predictions, these correlations are slightly weaker

Table 3. Average Validation Results Based on Median RAD Values (%) for All Prediction Horizons,
Model Types, and Calibration Datasets*

Prediction Horizon Model

Calibration Dataset

Median1a 2a 3a 4a 5a 1b 2b 3b 4b 5b

5 min ARX 2.8 2.9 2.9 2.9 2.8 2.8 2.9 2.9 2.8 2.8 2.8
ARMAX 3.2 3.3 2.6 2.8 2.5 2.5 2.6 2.5 3.2 2.9 2.7
BJ 3.2 4.2 2.7 2.9 2.6 2.8 3.1 2.6 4.1 3.0 3.0

1 h ARX 7.2 7.8 8.0 7.5 7.8 7.1 7.3 7.7 7.3 7.7 7.6
ARMAX 5.7 5.2 4.3 5.0 4.1 4.9 4.2 4.1 4.6 4.8 4.7
BJ 6.4 7.1 4.7 7.4 4.4 5.1 6.2 4.5 5.2 5.0 5.2

2 h ARX 12.1 13.3 13.8 13.0 13.6 11.6 11.7 12.8 11.8 13.0 12.9
ARMAX 8.4 7.1 5.7 7.0 5.8 7.1 6.0 5.8 6.0 6.6 6.3
BJ 10.2 9.1 7.0 10.3 6.3 7.5 9.3 6.4 7.2 6.9 7.4

Infinite ARX 21.9 24.7 25.3 23.3 24.0 21.8 23.7 24.9 23.0 24.0 23.8
ARMAX 10.5 11.7 9.0 10.2 7.6 9.4 9.5 8.9 7.9 8.1 9.2
BJ 16.6 12.1 11.2 12.8 12.6 10.9 10.9 9.9 9.5 11.7 11.4

Median 7.8 7.5 6.4 7.5 6.1 7.1 6.8 6.1 6.6 6.8

*Shaded values represent the worst validation results for a given model type and prediction horizon; boldfaced values represent the best.

Table 4. Average Validation Results Based on CEG Values (% of Predictions in Zone A) for All Prediction Horizons,
Model Types, and Calibration Datasets*

Prediction Horizon Model

Calibration Dataset

Median1a 2a 3a 4a 5a 1b 2b 3b 4b 5b

5 min ARX 100 100 100 100 100 100 100 100 100 100 100
ARMAX 100 99 100 99 100 100 100 100 98 100 100
BJ 100 97 100 99 100 100 99 100 97 99 99

1 h ARX 89 88 89 89 89 90 90 89 90 89 89
ARMAX 98 99 100 97 100 100 100 100 99 98 99
BJ 89 93 99 92 99 98 92 99 95 98 97

2 h ARX 70 69 69 69 69 71 72 70 71 69 70
ARMAX 87 93 97 92 98 93 96 96 96 92 94
BJ 73 83 93 81 95 94 81 94 91 94 92

Infinite ARX 44 35 34 38 38 44 40 36 41 36 38
ARMAX 74 75 81 77 89 81 80 81 84 84 81
BJ 54 74 73 72 72 74 72 79 85 75 73

Median 88 90 95 90 97 94 91 95 93 93

*Shaded values represent the worst validation results for a given model type and prediction horizon; boldfaced values represent the best.
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(rxy ¼ 20.64 and rxy ¼ 20.82 for ARMAX and BJ models,
respectively). The performance of the ARX models is
correlated with j to a significantly lesser degree, with rxy ¼
20.43 and rxy ¼ 20.39 for 1-h and 2-h predictions,
respectively.

Comparisons among prediction metrics

Inspection of Tables 2–4 indicates that the three metrics
are, in general, qualitatively similar. In fact, they are highly
correlated. Figure 4 shows the plots of each metric vs. each
other metric for all model fits in Tables 2–4. The least-
squares trend lines and associated Pearson correlation coeffi-
cients are also shown. For all the three relationships,
rxy
�� �� � 0:96. The range of values for the three metrics, how-

ever, varies greatly. FIT ranges from 24 to 87%, median
RAD from 2.5 to 25.3%, and the CEG Zone A from 34 to
100%. FIT is the metric with greatest range and thus is more
sensitive than the other two metrics.

Comparisons of the dynamic characteristics
of the identified models

Tables 5 and 6 summarize dynamic characteristics of the
identified models that are relevant to the diabetes application,
namely, the impulse-response characteristics. Table 5 lists
two insulin bolus response characteristics: the maximum
change in glucose concentration (DGmin), and the time-to-
maximum change in glucose concentration (tmin). Table 6
lists two meal-related characteristics: the peak change in glu-
cose concentration (DGmax), and the time-to-peak change in
glucose concentration (tmax). To facilitate analysis of Tables
5 and 6, the corresponding ranges of the dynamic character-
istics for the physiological model are included. These ranges
were determined by simulating boluses and meals over the
range of glucose concentrations of the calibration datasets,
that is, 65 to 200 mg/dL.

Tables 5 and 6 indicate that datasets with higher levels of
excitation tended to produce models with more accurately
identified dynamic characteristics (cf. Table 1). It is evident
from Tables 5 and 6 that the ARX models consistently had
poorly identified dynamic characteristics; the magnitudes of
DGmin and DGmax were grossly underestimated and the
times-to-maximum change, tmin and tmax, were very small.
The ARMAX and BJ models frequently had reasonable
dynamic characteristics for the datasets with high levels of
excitation. Regardless of the type of model, the characteris-
tics of the models identified from dataset 1a were inaccurate.

Transient characteristics of model predictions

Figure 5 displays representative 1-h and 2-h-ahead valida-
tion results and FIT values for each type of model. The pre-
dictions are representative in the sense that their FIT values

Figure 2. Overall median 1-h predictions for validation
data plotted as a function of the condition
number j of the calibration dataset.

Least-squares trend lines and the associated correlation
coefficients rxy are also shown.

Figure 3. Overall median 2-h predictions for validation
data plotted as a function of the condition
number j of the calibration dataset.

Least-squares trend lines and the associated correlation
coefficients rxy are also shown.

Figure 4. Correlations among prediction metrics.

Each prediction metric is plotted against the other metrics:
median RAD vs. FIT (top), CEG Zone A vs. FIT (middle),
and CEG Zone A vs. median RAD (bottom). Least-squares
trend lines for each relationship and the associated correla-
tion coefficients rxy are also shown.

AIChE Journal May 2009 Vol. 55, No. 5 Published on behalf of the AIChE DOI 10.1002/aic 1141



are very close to the median FIT values for that prediction
horizon and model type (see Table 2). In this case, the mod-
els were identified from dataset 5b. The ARX models predict
the glucose dynamics immediately following a meal and
bolus reasonably accurately but show a strong ‘‘shadow’’
effect, predicting the peak excursion magnitudes reasonably
well but significantly delayed.

The ARMAX models show the best predictive capabilities of
the three types of models. They predict the glucose excursions
fairly accurately, capturing the dynamics immediately following
a meal as well as the timing and magnitudes of the peaks.

The BJ models also predict the data reasonably accurately
but are susceptible to erratic predictions as seen immediately
following lunch in the 1-h-ahead prediction. These erratic
predictions might be the results of convergence of the model
parameters to local minima.

To contrast the characteristics of the models identified
from dataset 1a with those identified from the other nine
datasets, representative transient responses for ARMAX mod-
els identified from datasets 1a and 3b for 1-h and 2-h predic-
tion horizons are plotted in Figure 6. Although both models
capture accurately the timing and magnitude of the breakfast
and lunch excursions, the model identified from dataset 3b
predicts the dinner excursion much more accurately.

Validation of models for more realistic conditions

The datasets used to identify the models were charac-
terized by a high degree of glucose control (i.e., 65 mg/dL
< G < 200 mg/dL), which would likely be an aspect of an

ethical, clinically acceptable protocol for model identifica-
tion. However, this degree of control is representative of
only a small fraction of type 1 diabetes subjects in everyday,
ambulatory conditions. Studies using continuous glucose
monitoring devices have shown that the average member of
the control group (i.e., those blinded to the continuous glu-
cose measurements) spends much time outside the 65–200
mg/dL range. Figure 7 summarizes the results for the control
group of one such study.8 Thus, three additional datasets,
R1–R3, were generated so that the times spent in respective
glucose ranges were comparable to realistic values. These
datasets are also summarized in Figure 7.

Validation results for the ARMAX models identified from
dataset 3b for the more realistic datasets are listed in Table
7. When compared with the fits of the same models on the
original datasets (see Table 2), the model fits to the more re-
alistic datasets are comparable and in some cases even better
(i.e., larger FIT). This may be explained by the fact that the
more realistic datasets have more variability about their
means, and thus have more variability to be explained by the
models. This nuance is especially pertinent using relatively
short prediction horizons. The FIT values of the infinite-step-
ahead predictions for the more realistic datasets are signifi-
cantly lower than those of the original datasets, illustrating
the nonlinearity of the model, especially in the hypo- and
hyperglycemic regions. Representative 1-h and 2-h-ahead
validation results for each of the realistic datasets are shown
in Figure 8. The dynamic trends are captured nicely, and the
predictions are likely suitable for acceptable model-based
controller performance.

Table 5. Impulse-Response Characteristics of Identified Models: Insulin Boluses*

Dynamic Characteristic Model

Calibration Dataset

1a 2a 3a 4a 5a 1b 2b 3b 4b 5b

DGmin
† (mg/dL) ARX 0 212 25 22 22 23 22 23 23 23

ARMAX 0 213 228 232 228 222 221 223 231 235

BJ 27 210 27 216 225 223 225 225 227 221

Hovorka model range: 270 to 221

tmin
{ (min) ARX 5 20 20 20 15 15 15 15 15 25

ARMAX 450 115 145 110 145 125 135 135 140 135

BJ 115 150 190 185 195 155 155 160 165 130
Hovorka model range: 135 to 290

*Boldfaced values represent quantities within the corresponding range of the physiological model.
†Maximum glucose change after 1-U insulin impulse (i.e., bolus).
{Time-to-maximum glucose change after 1-U insulin impulse (i.e., bolus).

Table 6. Impulse-Response Characteristics of Identified Models: Meals*

Dynamic Characteristic Model

Calibration Dataset

1a 2a 3a 4a 5a 1b 2b 3b 4b 5b

DGmax
† (mg/dL) ARX 4 7 5 5 5 4 5 5 5 5

ARMAX 11 21 26 27 24 23 24 25 28 28

BJ 5 17 17 19 23 23 24 25 26 19
Hovorka model range: 23–39

tmax
{ (min) ARX 40 25 30 25 25 40 50 50 45 45

ARMAX 100 115 125 115 130 115 120 130 125 125

BJ 80 125 125 125 125 120 125 125 125 115
Hovorka model range: 125–180

*Boldfaced values represent quantities within the corresponding range of the physiological model.
†Peak glucose change after 10-g CHO meal impulse.
{Time-to-peak glucose change after 10-g CHO meal impulse.
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Conclusions

The performance of a model-based controller for an artifi-
cial b-cell depends highly on the accuracy and robustness of
the model used to predict future glucose trends. To identify
an accurate dynamic model, or suite of models, the calibra-
tion dataset(s) must have good input excitation and a clear
causal relationship between the two most important inputs,
insulin boluses and meal CHO, and the output, blood glu-
cose. For typical type 1 diabetes data, these two inputs occur
simultaneously and in a specified, constant ratio, thus making
their effects on the glucose concentration indistinguishable.
Consequently, the degree of input excitation is poor and the

identified models are inaccurate. On the other hand, sepa-
rated inputs (i.e., meals without boluses and vice versa) will
likely result in accurate models but can also result in unsafe
and clinically unacceptable hypoglycemia or hyperglycemia.

Figure 7. Average time spent by diabetes subjects in
various glucose ranges8 (top) and time spent
in the same ranges for the more realistic
datasets (bottom).

Figure 5. Representative validation results for each
type of model for 1-h-ahead (top) and 2-h-
ahead (middle) predictions.

The calibration dataset is 5b and the validation dataset is
3b. The inputs are shown (bottom) as the ICR for each
meal relative to the nominal ICR for each meal, ICRr (tri-
angles, left axis), and the correction bolus relative to the
nominal lunch bolus (ub)r (bar, right axis).

Figure 6. Representative validation results for the
ARMAX models identified from datasets 1a
and 3b.

The validation dataset is 2a. 1-h-ahead (top) and 2-h-ahead
(middle) predictions. The inputs are shown (bottom) as the
ICR for each meal relative to the nominal ICR for each
meal, ICRr (triangles, left axis); there was no correction
bolus for this particular validation dataset.

Table 7. Validation Results (FIT, %) for the ARMAX
Models Identified from Dataset 3b for the More Realistic

Validation Datasets

Prediction Horizon R1 R2 R3

5 min 88 89 78
1 h 82 80 68
2 h 70 67 52
Infinite 38 38 27

Figure 8. Representative validation results for the
ARMAX models identified from dataset 3b
for the more realistic datasets.

1-h-ahead (dashed) and 2-h-ahead (dotted) predictions of
R1 (top), R2 (middle), and R3 (bottom).
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In this extensive simulation study, a compromise between
good input excitation (e.g., varying the insulin-to-carbohy-
drate ratio and/or administering a correction bolus in a state
of mild hyperglycemia) and safe levels of glucose (e.g.,
65 mg/dL < G < 200 mg/dL) resulted in a clinically accept-
able method to obtain accurate predictive models, at least,
relative to those obtained from typical type 1 diabetes data.
These accurate models were validated on other, similar data-
sets with good results, and further validated on more realistic
simulation data in which the time spent in hypoglycemia and
hyperglycemia constituted a significant portion of each day.
The validation of the best models on these latter datasets
also gave acceptable predictions for a range of horizons
including 1 h and 2 h, which may be appropriate for a
model-based controller.
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Appendix: Physiological Model

The physiological model54–56 consists of three subsystems
representing plasma glucose, plasma and subcutaneous insu-
lin, and insulin action. The glucose subsystem is partitioned
into two compartments representing the masses of glucose in
the plasma and in a ‘‘nonaccessible’’ compartment described
by Eqs. A1 and A2, respectively.

dQ1 tð Þ
dt

¼ � Fc
01

VGG tð Þ þ x1 tð Þ
� �

Q1 tð Þ þ k12Q2 tð Þ � FR þ UG tð Þ

þ EGP0 1� x3 tð Þ½ � ðA1Þ
dQ2 tð Þ
dt

¼ x1 tð ÞQ1 tð Þ � k12 þ x2 tð Þ½ �Q2 tð Þ (A2)

G tð Þ ¼ Q1 tð Þ=VG (A3)

where: Q1 and Q2 are the masses of glucose in the plasma
and nonaccessible compartments, respectively,

k12 is a rate constant for glucose transport,
VG is the distribution volume of the plasma,
EGP0 is the endogenous glucose production extrapolated

to zero insulin concentration, and
G is the plasma glucose concentration.
Furthermore, Fc

01 is the total non-insulin-dependent glucose
flux, dependent upon glucose concentration:

Fc
01 ¼

F01 G � 80mg=dL
F01G=80 otherwise

�
(A4)

FR is the renal glucose clearance above the glucose thresh-
old of 160 mg/dL:

FR ¼ 0:003 G� 160ð ÞVG G � 160mg=dL
0 otherwise

�
(A5)

and UG is the glucose gut absorption rate from a meal:

UG tð Þ ¼ DGAGte
�t=tmax;G

t2max;G

(A6)

where: DG is the mass of carbohydrates in the meal,
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AG is the carbohydrate bioavailability, and
tmax,G is the time-of-maximum appearance rate of glucose

in the plasma.
The insulin subsystem56 describes subcutaneous-to-intrave-

nous insulin absorption using parallel fast and slow channels,
and also includes a degree of insulin degradation at the injec-
tion site.

dQ1a tð Þ
dt

¼ ku tð Þ � ka1Q1a tð Þ � LDa tð Þ (A7)

dQ1b tð Þ
dt

¼ 1� kð Þu tð Þ � ka2Q1b tð Þ � LDb tð Þ (A8)

dQ2 tð Þ
dt

¼ ka1Q1a tð Þ � ka1Q2 tð Þ (A9)

dQ3 tð Þ
dt

¼ ka1Q2 tð Þ þ ka2Q1b tð Þ � keQ3 tð Þ (A10)

LDa tð Þ ¼ VMAX;LDQ1a tð Þ= kM;LD þ Q1a tð Þ� 	
(A11)

LDb tð Þ ¼ VMAX;LDQ1b tð Þ= kM;LD þ Q1b tð Þ� 	
(A12)

I ¼ Q3 tð Þ=VI (A13)

where: Q1a and Q1b represent the masses of insulin in the ac-
cessible subcutaneous compartments of the slow and fast
channel, respectively,

Q2 is the mass of insulin in the non-accessible subcutane-
ous compartment,

Q3 represents the mass of insulin in the plasma,

u is the rate of subcutaneous insulin infusion,
ka1 and ka2 are insulin transfer rates,
ke is the rate constant for the elimination of insulin from

the plasma,
LDa and LDb are the rates of local degradation at the

injection site for the slow and fast channel, respectively,
described by Michaelis-Menten dynamics,

VMAX,LD is the maximum rate of insulin degradation,
kM,LD is the Michaelis-Menten constant (i.e., the mass of

insulin at which insulin degradation is half of VMAX,LD),
k is the fraction of subcutaneously infused insulin that

passes through the slow channel,
VI is the insulin distribution volume, and
I is the concentration of insulin in the plasma.
The insulin action subsystem represents three actions x1(t),

x2(t), and x3(t) of insulin on the kinetics of glucose distribu-
tion/transport, disposal, and endogenous production, respec-
tively:

dx1 tð Þ
dt

¼ �ka1x1 tð Þ þ kb1I tð Þ (A14)

dx2 tð Þ
dt

¼ �ka2x2 tð Þ þ kb2I tð Þ (A15)

dx3 tð Þ
dt

¼ �ka3x3 tð Þ þ kb3I tð Þ (A16)

where: kai and kbi, i ¼ 1,2,3, represent deactivation and acti-
vation rate constants, respectively.
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